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QED peripheral mehanism of pair prodution at 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Cross setion of the proesses of neutral pion prodution as well as pairs of harged fermions
and bosons in peripherial interation of leptons, photons are alulated in main logarithmial
approximation. We investigate the phase volumes and dierential ross setions. The dierential
ross setion of few neutral pions and a few pairs prodution are written down expliitly. Considering
the aademi problem of summation on the number of pairs for the ase of massless partiles we
reprodue the known results obtained in seventies of last entury. The possibility to onstrut the
generator for Monte-Carlo modeling of this proesses basing of this results are disussed.
I. INTRODUCTION
The motivation of this paper is the need of reation of realisti Monte-Carlo genera-
tors desribing the multipartile prodution at high energy olliders. We onsider the
ase of peripherial interation of initial partiles whih orresponds to the kinemat-
is of nal partiles whih group a set of jets ying in the wide range of rapidities 
starting from fragmentation region up to pionization region.
Keeping in mind the possibility to onstrut the γ − e and γ − γ olliders on the
basis of the e+e−-olliders using the bakwards sattering of laser beam we onsider
the proesses whih may be relevant for experiments on this failities.
Formulae, obtained below an be applied to the ase of γp, ep and p(p¯)p olliders
with a straightforward generalization.
Proesses of harged pairs prodution at high energy beams a − b ollisions where
a, b = γ, e± have a set of general properties. To remind them let onsider proess of
e+e− pair prodution at high energy e±e− ollisions in peripheral kinematis. Matrix
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FIG. 1: The two-photon mehanism of prodution of a pion pair.
element of prodution of a pair of harged partiles in high energy eletron-positron
ollisions (enter of mass of initial olliding beams is implied)
e+(p) + e−(k)→ e+(p′) + e−(k′) + q(q−) + q¯(q+), (1)
s = 2pk ≫ −q21 = −(k − k′)2 ∼ −q22 = (p− p′)2 ∼ q2± = m2, (2)
k2 = m21, p
2 = m22, (3)
have a form (here and further we onsider the so alled ¾two-photon mehanism¿ of
pair prodution) (see Fig. 1):
M i =
(4πα)2
q21q
2
2
[u¯(p′)γµu(p)] [v¯(k′)γνv(k)]Oiµ1ν1gµµ1gνν1, i = e, π. (4)
We use Gribov representation for photon Green funtion
qµν = q
⊥
µν +
1
s
(pµkν + pνkµ) (5)
and Sudakov deomposition of 4-momenta
q1 = β1k˜ + q
⊥
1 , q2 = α2p˜ + q
⊥
2 , (6)
q± = α±p˜+ β±k˜ + q⊥±, sα±β± = ~q
2
± +m
2.
over ¾almost light-one¿ 4-vetors p˜ = p − k(m22/s), k˜ = k − p(m21/s). Further the
tilde subsripts will be omitted.
Keeping in mind the onservation law, q1+q2 = q++q− and the hierarhy of Sudakov
parameters, β1 ≫ β2, α1 ≪ α2, the matrix element (4) an be written down in the
form
M i = s
(8πα)2
q21q
2
2
N1N2Φ
i(q1, q2), i = e, π (7)
3N1 =
1
s
v¯(k′)pˆv(k), N2 =
1
s
u¯(p′)kˆu(p), (8)
∑ |N1|2 = ∑ |N2|2 = 2, (9)
where fator Φi(q1, q2) = Φ
i
12 = (1/s)k
µpνOiµν is the light-one projetion of ampli-
tudes of the subproess of harged partiles pair prodution from two virtual photons:
γ∗(q1)γ∗(q2) → q(q−)q¯(q+). It is important to note that the quantity Φi12 is nite in
limit s→∞ as well as N1,2.
II. THE SUBPROCESS γ∗(q1)γ
∗(q2) → q(q−)q¯(q+)
In ase of eletron-positron pair prodution we have:
Φe12 =
1
s
u¯(q−)

kˆ qˆ− − qˆ1 +m−D1/x+ pˆ + pˆ
−qˆ+ + qˆ1 +m
−D2/x− kˆ

 v(q+), (10)
where
D1 = −x+
(
(q− − q1)2 −m2
)
= ~q2+ − 2x+~q+~q2 + x+~q22 +m2,
D2 = −x−
(
(q− − q2)2 −m2
)
= ~q2− − 2x−~q−~q2 + x−~q22 +m2,
where x± are the energy frations of pair omponents (x± = α±/α2, x+ + x− = 1)
and ~qi is two-dimensional Eulidean vetor. Using Dira equation qˆ−u(q−) = mu(q−),
qˆ+v(q+) = −mv(q+) we an rewrite formula (10) as:
Φe12 =
1
s
u¯(q−)
(
Apˆ+ Bkˆqˆ1pˆ + Cpˆqˆ1kˆ
)
v(q+), (11)
where
A = sx+x−
(
1
D2
− 1
D1
)
, B =
x+
D1
, C = −x−
D2
.
In ase of pion pair prodution performing the same algebra we obtain:
Φπ12 = x+x−

−2~q+~q2 + ~q22
D1
+
−2~q−~q2 + ~q22
D2

 . (12)
It an be heked that both Φe12, Φ
π
12 tends to zero at ~q1 → 0 or ~q2 → 0. Below we
will use the impat fator for prodution of harged partiles pair with invariant mass
s1 = (q+ + q−)2:
J i12 =
∫ ds1dΓ±
π
∣∣∣Φi12
∣∣∣2 , i = e, π. (13)
4The phase volume we parameterize as (we use the relation d4q± = s2dα±dβ±d
2q±⊥)
1
π
ds1dΓ± =
1
π
ds1
d3q+
2E+
d3q−
2E−
δ4(q1 + q2 − q+ − q−) = dx+d
2q+
2πx+x−
. (14)
And performing the phase volume integration we obtain (see details in Appendix C):
Je12 = 4
1∫
0
dx
1∫
0
dt
D
[
~q21~q
2
2 (a+ b− 4ab)− 2ab (~q1~q2)2
]
, (15)
D = m2 + a~q21 + b~q
2
2,
where a = t(1−t) and b = x(1−x). After averaging over ~q1 and ~q2 vetors orientations
we get the well known result [1, 2, 3℄:
J¯e12 = 4~q
2
1~q
2
2
1∫
0
dxdt
D
[a+ b− 5ab] . (16)
In ase of pion pair prodution we have:
Jπ12 =
1
2
1∫
0
dxdt
D
[
~q21~q
2
2 (1− 4a) (1− 4b) + 8ab (~q1~q2)2
]
, (17)
J¯π12 =
1
2
~q21~q
2
2
1∫
0
dxdt
D
[1− 4a− 4b+ 20ab] .
We also need to onsider the sub-proess of pair prodution by one real and one
virtual photons γ(k)+γ∗(χ)→ e+(q+)+e−(q−) and γ(k)+γ∗(χ)→ π+(q+)+π−(q−).
The values similar to (10) and (12) in that ase reads as:
Φe0 =
1
s
u¯(q−)

eˆ −qˆ+ + χˆ+m
(q− − k)2 −m2 pˆ+ pˆ
qˆ− − χˆ+m
(−q+ − k)2 −m2 eˆ

 v(p+),
Φπ0 =
1
s

(2q− − k)e− (−2q+ + χ)p
(q− − k)2 −m2 +
(−2q+ + k)e− (2q− − χ)p
(−q+ + k)2 −m2 − 2ep

 , (18)
where e is the initial photon polarization 4-vetor ee∗ = −~e~e∗ = −1, ep = ek = 0.
Again, using Dira equation we an rewrite them in form:
Φe0 = u¯(q−)
[
x+x−
(
1
D−
− 1
D+
)
eˆ− x−
sD−
eˆχˆpˆ+
x+
sD+
pˆχˆeˆ
]
v(q+), (19)
Φπ0 = −2x+x−
[
~q−~e
D−
+
~q+~e
D+
]
, D± = ~q2± +m
2. (20)
So now we dene the values similar to (13) in ase of one real photon:
IeA01 =
∫ ds1dΓ±
π
|Φe0|2 =
2
3
1∫
0
dt
D0
(
~eA~e
∗
A~χ
2(1 + 2a)− 2a(~eA~χ)(~e∗A~χ)
)
, (21)
5IπA01 =
∫ ds1dΓ±
π
|Φπ0 |2 =
1
6
1∫
0
dt
D0
(
~eA~e
∗
A~χ
2(1− 4a) + 4a(~eA~χ)(~e∗A~χ)
)
, (22)
where D0 = m
2 + a~χ2 and a = t(1− t). The similar expression an be written down
for the ase when partile B is a photon with polarization vetor eB: eA → eB.
Having this boundary impat fators (21) and (22) we an write the ross setions
of prodution of two pairs of harged partiles in two polarized photons ollision:
σγγij =
α4
π
d2~q
(~q2)2
Ij(~q, ~e2)I
i(~q, ~e1), i, j = e, π. (23)
This result is in agreement with Cheng-Wu impat piture of high-energy ollisions
[4, 5, 6℄. Dierent distributions based on (23) was onsidered in [7, 8℄.
To obtain this formula we had rearranged the phase volume of nal partiles intro-
duing new variables  the transferred momentum q = αp + βk + q⊥ and invariant
masses of pairs s1 = sα, s2 = −sβ:
dΓγγ2e+2e− = (2π)
−8 d3q1+d3q1−
2E1+2E1−
d3q2+d
3q2−
2E2+2E2−
δ4 (k + p− q1+ − q1− − q2+ − q2−)×
× d4qδ4 (p− q − q2+ − q2−) =
=
(2π)−8
2s
dΓ1±ds1dΓ2±ds2d2~q, s1 = sα, s2 = −sβ, (24)
where we used the known expression d4q = (1/(2s))d2~qds1ds2.
In ase of unpolarized photons the ross setion of prodution of two eletron-
positron pairs is
σγγ2e+2e− =
α4
πm2
Je, (25)
where
Je =
4
9
∞∫
0
dz


1∫
0
dx
1 + x(1− x)
1 + zx(1− x)


2
=
1
36
[175ζ3 − 38] ≈ 4.78, (26)
where ζ3 =
∑∞
k=1
1
k3 ≈ 1.202.... In ase of prodution of two π+π− pairs we have:
σγγ2π+2π− =
α4
πM2π
Jπ, (27)
where
Jπ =
1
36
∞∫
0
dz


1∫
0
dx
1− 2x(1− x)
1 + zx(1− x)


2
=
1
144
[7ζ3 + 10] ≈ 0.128. (28)
6III. NEUTRAL PIONS PRODUCTION
Consider now the neutral pion prodution in γγ-ollisions. We will obtain below the
ross setions of one, two and a few neutral pions prodution.
For ompleteness we put here the results for subproess γ∗γ∗ → π0 and relevant
ross setions.
First let us onsider the base deay of neutral pion to two real photons π0 → 2γ.
It's amplitude have a form:
M
(
π0 → γ (k1, e1) γ (k2, e2)
)
=
α
πfπ
(k1e1k2e2) , fπ = 94 MeV, (29)
where we used notation (abcd) = εαβγδa
αbβcγdδ. This amplitude gives the well known
result:
Γπ0→2γ =
α2M3π
64π3f 2π
= 7.2 eV. (30)
Thus for proess γ∗γ∗ → π0 we obtain:
M12
(
γ∗ (q1, e1) γ∗ (q2, e2)→ π0
)
=
α
πfπ
(q1e1q2e2)R12, (31)
where we took into aount the external momentum dependene as:
R12 = R21 = 2
1∫
0
dx1
1−x1∫
0
dx2
M2
M2 −M2πx2x3 + ~q21x1x2 + ~q22x1x3
, (32)
where x3 = 1− x1 − x2 and M is the onstituent quark mass in the fermion triangle
loop. The quantity R12 is normalized as R12|M2≫M2
pi
,~q2
i
= 1. If one of photons is real,
then:
M01
(
γ∗ (q1, e1) γ (q2, e2)→ π0
)
=
α
πfπ
(q1e1q2e2)R01,
R01 = R10 = 2
1∫
0
dx1
1−x1∫
0
dx2
M2
M2 −M2πx2x3 + ~q21x1x2
.
So now we an onsider the proesses
γ(k, e1) + γ(p, e2) → π0(p1) + π0(p2),
γ(k, e1) + γ(p, e2) → π0(p1) + π0(p2) + π0(p3),
γ(k, e1) + γ(p, e2) → π0(p1) + π0(p2) + · · ·+ π0(pn+2).
The phase volumes of nal states are:
dΓ2π
0
=
d3p1
2E1
d3p2
2E2
(2π)4−3·2 δ4 (p + k − p1 − p2) =
7= (2π)−2
d2q
2s
, (33)
dΓ3π
0
=
d3p1
2E1
d3p2
2E2
d3p3
2E3
(2π)4−3·3 δ4 (p+ k − p1 − p2 − p3) =
= (2π)−5
dβ1
β1
d2q1d
2q2
4s
,
M2π
s
≪ β1 ≪ 1, (34)
dΓ(n+2)π
0
=
d3p1
2E1
d3p2
2E2
· · · d
3pn+2
2En+2
(2π)4−3·(n+2) δ4 (p+ k − p1 − p2 − · · · − pn+2) =
= (2π)4−3(n+2)

 n∏
i=1
dβi
βi

 n+1∏
i=1
d2qi
1
2n+1s
,
M2π
s
≪ βn ≪ βn−1 ≪ · · · ≪ β1 ≪ 1. (35)
The amplitudes of these proesses have a form:
M2π
0
=
(
α
πfπ
)2 s
2
[~e1~n] [~e2~n]R
2
0q, (36)
M3π
0
=
(
α
πfπ
)3 s
2
[~e1~n1] [~n1~n2] [~n2~e2]R01R12R20, (37)
M (n+2)π
0
=
(
α
πfπ
)n+2 s
2
[~e1~n1] [~n1~n2] · · · [~nn~nn+1] [~nn+1~e2]×
× R01R12 · · ·Rn,n+1Rn+1,0, (38)
~n =
~q
|~q| , ~ni =
~qi
|~qi| ,
[~e~n]2 = 1− (~e~n) (~e∗~n) , [~n1~n2]2 = sin2 φ12, (39)
where φ12 is the azimuthal angle between 2-vetor ~q1 and ~q2. The ross setions then
reads as:
dσγγ→2π
0
=
α4
28π5f 4π
[~e1~n]
2 [~e2~n]
2R40q
d2q
π
, (40)
dσγγ→3π
0
=
α6
212π9f 6π
[~e1~n1]
2 [~n1~n2]
2 [~n2~e2]
2R201R
2
12R
2
20Lπ
d2q1d
2q2
π2
, (41)
dσγγ→(n+2)π
0
= 2−4n−8π−4n−5

α2
f 2π

n+2 [~e1~n1]2 [~n1~n2]2 · · · [~nn~nn+1]2 [~nn+1~e2]2 ×
× R201R212 · · ·R2n,n+1R2n+1,0
Lnπ
n!

n+1∏
i=1
d2qi
π

 , (42)
8here Lπ = ln
s
M2
pi
. We also an onsider the proesses γe→ (nπ0)e and ee→ ee(nπ0)
in a same manner.
In ase of photo-prodution of (n+ 2) pions on eletron:
γ(k, e) + e(p) → π0(p1) + π0(p2) + · · ·+ π0(pn+2) + e(p′),
matrix element have a form:
Mγe→e(n+2)π
0
= (4πα)1/2
(
α
πfπ
)n+2
sNe [~e~n1] [~n1~n2] · · · [~nn+1~nn+2]×
× R01R12 · · ·Rn+1,n+2 |~qn+2|
q2n+2
, (43)
the phase volumes of nal state is:
dΓγe→e(n+2)π
0
=
d3p1
2E1
d3p2
2E2
· · · d
3pn+2
2En+2
d3p′
2E ′
(2π)4−3·(n+3)×
× δ4 (p + k − p′ − p1 − p2 − · · · − pn+2) =
= (2π)4−3(n+3)

n+1∏
i=1
dβi
βi

 n+2∏
i=1
d2qi
π
1
2n+2s
πn+2, (44)
and the ross setion then reads as:
dσγe→e(n+2)π
0
= α

α2
f 2π

n+2 π
(2π)4n+7

n+1∏
i=1
d2qi
π

 ~q2n+2
(
d2qn+2/π
)
[
~q2n+2 +m
2
e
(
M4
pi
s2β2
n+1
)]2 ×
× [~e1~n1]2 [~n1~n2]2 · · · [~nn+1~nn+2]2R201R212 · · ·R2n+1,n+2

n+1∏
i=1
dβi
βi

 .(45)
In partiular in ase of one and two pions prodution we have:
dσγe→eπ
0
=
α3
f 2π
1
8π2
d2q
π
~q2n[
~q2 +m2e
(
M2
pi
s
)2]2 [~e~n]2R201, (46)
dσγe→e2π
0
=
α5
f 4π
1
27π6
d2q1d
2q2
π2
~q22[
~q22 +m
2
e
(
M2
pi
sβ1
)2]2 [~e~n1]2 [~n1~n2]2R201R212
dβ1
β1
. (47)
In partiular the single pion prodution total ross setion is (Primako proess):
σγe→eπ
0
(s) =
α3
4π2f 2π
(1− (~e~n) (~e∗~n)) ln s
meMπ
. (48)
In ase of prodution of n pions on eletron-eletron ollisions:
e(k) + e(p) → e(k′) + e(p′) + π0(p1) + π0(p2) + · · ·+ π0(pn),
9the matrix element have a form:
M ee→ee(n·π
0) = 2sN1N2 (4πα)
(
α
πfπ
)n  n∏
i=1
[~ni~ni+1]Ri,i+1


(49)
the phase volumes of nal state is:
dΓee→ee(n·π
0) =
d3k′
2E ′k
d3p′
2E ′p
d3p1
2E1
d3p2
2E2
· · · d
3pn
2En
(2π)4−3·(n+2) ×
× δ4 (p + k − p′ − k′ − p1 − p2 − · · · − pn) =
= (2π)4−3(n+2)
1
2n+1s
πn+1
n+1∏
i=1
d2qi
π
n∏
i=1
dβi
βi
, (50)
and the ross setion then reads as:
dσee→ee(n·π
0) =
α2(1+n)
24n−2π4n−1f 2nπ

 n∏
i=2
d2qi
π



 n∏
i=1
[~ni~ni+1]
2R2i,i+1

×
× d
2q1
π
~q21
[~q21 +m
2
1β
2
1 ]
2
d2qn+1
π
~q2n+1
[~q2n+1 +m
2
2α
2
n+1]
2

 n∏
i=1
dβi
βi

 , (51)
where αn+1 = M
2
π/(sβn). In partiular in ase of one and two pions prodution we
have:
dσee→eeπ
0
=
α4
4π3f 2π
d2q1
π
~q21
[~q21 +m
2
1β
2
1 ]
2
d2q2
π
~q22
[~q22 +m
2
2α
2
2]
2 [~n1~n2]
2R212
dβ1
β1
, (52)
dσee→ee2π
0
=
α6
26π7f 4π
d2q1
π
~q21
[~q21 +m
2
1β
2
1 ]
2
d2q3
π
~q23
[~q23 +m
2
2α
2
3]
2 ×
× [~n1~n2]2 [~n2~n3]2 d
2q2
π
R212R
2
23
dβ1
β1
dβ2
β2
. (53)
In general for proess e + e → e + e + T with T is neutral pion or a single pair in
ase then the transfers momenta to the projetiles do not exeed some values Q1, Q2√
−q21 < Q1 and
√
−q22 < Q2 the integral in r.h.s. an be performed with logarithmi
auray:
1∫
M2
T
/s
dβ1
β1
ln

 Q21
m2eβ
2
1

 ln

 Q22
m2eα
2
2

 = 2
3
[L2T + 3LT ln
Q1Q2
m2e
+ 6 ln
Q1
me
ln
Q2
me
], (54)
where LT = ln
(
s/M2T
)
, sα2β1 = M
2
T and MT is the harateristi mass of produed
system T . In ase of proesses for proess p+p→ p+p+T theme →Mp replaement
should be done. In partiular the total ross setion of single neutral pion prodution
is
σee→eeπ
0
=
α4Lπ
12π3f 2π
[
L2π + 6l (Lπ + l)
]
, Q1 = Q2 < Mπ, (55)
10
p
k
q1
q2
qn−1
qn−2
q(n+2)+
B
q(n+2)−
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FIG. 2: Feynman diagram for n pions pairs prodution at photon-photon ollisions.
where l = ln (Mπ/me).
IV. THE MULTIPLE PAIR PRODUCTION
Let us now onsider the proesses of multiple pairs prodution at eletron-positron,
eletron-photon and photon-photon olliders.
A. Proess γγ → n(e+e−) or n(pi+pi−)
The proess of n pairs prodution at photon-photon ollisions are shown on Fig. 2
and the matrix elements of two, three and n pairs prodution is shown below:
M
(γγ)
(2) =
(4πα)2 s
q21
2ΦA0Φ
B
0 ,
M
(γγ)
(3) =
(4πα)3 s
q21q
2
2
22ΦA0Φ12Φ
B
0 ,
· · ·
M
(γγ)
(2+n) =
(4πα)n+2 s
q21 · · · q2n+1
2n+1ΦA0Φ12 · · ·Φn,n+1ΦB0 , (56)
where ΦA0 and Φ
B
0 are boundary fators (see (19), (20)), whih desribe pair top and
bottom pairs prodution from one real and one virtual photons. The indexes A and B
denes the type of partiles whih are produed. Fators Φij (see (11), (12)) desribe
pair prodution in ollision of two virtual photons with momenta qi and qj. Fator
2n+1 omes from Gribov's representation of photon propagator (5).
The phase volumes for two, three, and (n + 2) pairs prodution have a form (by
analogy with the ase of two pairs prodution, onsidered above, we introdue one,
11
two, and (n+ 1) transferred momenta):
dΓ
(γγ)
(2) = 2
−9π−5
1
s

ds1dΓ±1
π
ds2dΓ
±
2
π

 d~q1
π
,
dΓ
(γγ)
(3) = 2
−16π−9
1
s

ds1dΓ±1
π
ds2dΓ
±
2
π
ds3dΓ
±
3
π

 d~q1
π
d~q2
π
dβ1
β1
,
· · ·
dΓ
(γγ)
(2+n) = 2
−7n−9π−4n−5
1
s

n+2∏
i=1
dsidΓ
±
i
π



n+1∏
i=1
d~qi
π



 n∏
i=1
dβi
βi

 , (57)
where si and dΓ
±
i are the invariant mass and phase volume of i-th pair (14).
And the ross setion for (2 + n) pairs prodution have a form:
σ
(γγ)
(2+n) =
1
8s
∫ ∣∣∣∣M (γγ)(2+n)
∣∣∣∣2 dΓ(γγ)(2+n) =
=
α2(n+2)
2n+2π2n+1
∫ n+1∏
i=1
d~qi
π (~q2i )
2



 n∏
i=1
dβi
βi

 IA01J12J23 · · · Jn,n+1IBn+1,0, (58)
where we entered the following impat fators:
IA01 =
∫ s1dΓ±1
π
∣∣∣ΦA∣∣∣2 , Jij =
∫ sidΓ±i
π
|Φij|2 ,
IBn+1,0 =
∫ sn+2dΓ±n+2
π
∣∣∣ΦB∣∣∣2 .
The expliit form of them was already alulated before (see (15), (16), (17), (21),
(22)).
B. Proess γe → n(e+e−)e or n(pi+pi−)e
The proess of n pairs prodution at eletron-photon ollisions are shown on Fig. 3
and the matrix elements of two, three and 2 + n pairs prodution is shown below:
M
(γe)
(1) =
(4πα)
3
2 s
q21
2NBΦ
A
0 ,
M
(γe)
(2) =
(4πα)
5
2 s
q21q
2
2
22NBΦ
A
0Φ12,
· · ·
M
(γe)
(2+n) =
(4πα)
2n+5
2 s
q21 · · · q2n+2
2n+2NBΦ
A
0Φ12 · · ·Φn+1,n+2, (59)
where NB is the boundary fator, whih desribe bottom eletron line. The phase
volumes for one, two, and (n+ 2) pairs prodution have a form: (again we introdue
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FIG. 3: Feynman diagram for n+ 2 pairs prodution at eletron-photon ollisions.
the set of transferred momenta)
dΓ
(γe)
(1) = 2
−6π−3
1
s

ds1dΓ±1
π

 d~q1
π
,
dΓ
(γe)
(2) = 2
−13π−7
1
s

ds1dΓ±1
π
ds2dΓ
±
2
π

 d~q1
π
d~q2
π
dβ1
β1
,
· · ·
dΓ
(γe)
(2+n) = 2
−7n−13π−4n−7
1
s

n+2∏
i=1
dsidΓ
±
i
π



n+2∏
i=1
d~qi
π



n+1∏
i=1
dβi
βi

 , (60)
and the ross setion for (2 + n) pairs prodution have a form:
σ
(γe)
(2+n) =
1
8s
∫ ∑ ∣∣∣∣M (γe)(2+n)
∣∣∣∣2 dΓ(γe)(2+n) =
=
α2n+5)
2nπ2(n+1)
∫ n+1∏
i=1
d~qi
π (~q2i )
2



n+1∏
i=1
dβi
βi

(2 ln
(
sβn+1
m2
))
×
× IA01J12 · · · Jn,n+1In+1,0, In+1,0 =

Jn+1,n+2
~q2n+2


~qn+2=0
. (61)
For proesses γe→ eT the Weizsaeker-Williams enhanement mehanism works. As
a result the fators ln(1/α2n+2) ≈ ln(sβn+1/M2T )2, ln(1/β2) appears. For details see
Appendix A.
In partiular ases of reation of one and two fermion pairs we obtain (in agreement
with Lipatov and Frolov result [1, 2, 3℄):
σγe→e
+e−e =
28
9
α3
m2
Le,
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FIG. 4: Feynman diagram for n+ 2 pairs prodution at eletron-positron ollisions.
σγe→2e
+2e−e =
α5
π2m2
L2eJe, Q2 < m, (62)
where Le = ln
(
s/m2e
)
and Je was dened in (26). In ases of one and two harged
pion pairs prodution we obtain:
σγe→π
+π−e =
2α3
9M2π
ln
(
s
mMπ
)
, Q2 < Mπ,
σγe→2π
+2π−e =
α5
π2M2π
LπLeJπ, Q2 < Mπ, (63)
where Lπ = ln
(
s/M2π
)
and Jπ was dened in (28).
C. Proess e+e− → n(e+e−) or n(pi+pi−)
The proess of n pairs prodution at eletron-positron ollisions are shown on Fig. 4.
The matrix elements of one and (2 + n) pairs prodution is shown below:
M
(ee)
(1) =
(4πα)2 s
q21q
2
2
22NAΦ12NB,
· · ·
M
(ee)
(2+n) =
(4πα)n+3 s
q21 · · · q2n+3
2n+3NAΦ12 · · ·Φn+2,n+3NB, (64)
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where NA, NB are lepton's impat fators. The phase volumes for one, two and (n+2)
pairs prodution have a form:
dΓ
(ee)
(1) = 2
−10π−5
1
s

ds1dΓ±1
π

 d~q1
π
d~q2
π
dβ1
β1
,
dΓ
(ee)
(2) = 2
−17π−9
1
s

ds1dΓ±1
π
ds2dΓ
±
2
π

 d~q1
π
d~q2
π
d~q3
π
dβ1
β1
dβ2
β2
,
· · ·
dΓ
(ee)
(2+n) = 2
−7n−17π−4n−9
1
s

n+2∏
i=1
dsidΓ
±
i
π



n+3∏
i=1
d~qi
π



n+2∏
i=1
dβi
βi

 , (65)
and the ross setion for (2 + n) pairs prodution have a form
σ
(ee)
(2+n) =
1
8s
∫ ∑ ∣∣∣∣M (ee)(2+n)
∣∣∣∣2 dΓ(ee)(2+n) =
=
α2(n+3)
2n−2π2n+3
∫ n+1∏
i=1
d~qi
π (~q2i )
2



n+2∏
i=1
dβi
βi

(2 ln
(
1
β1
))(
2 ln
(
sβn+2
m2
))
×
× I01

n+1∏
i=1
Ji,i+1

 In+2,0. (66)
For the ase of reation one and two eletron-positron pairs we reprodue the known
results (see [1, 2, 3, 4, 5, 6, 9, 10℄):
σee→eee
+e− =
28
27
α4L3e
πm2
,
σee→ee2e
+2e− =
α6L4e
6π3m2
Je, Q1 ∼ Q2 < m. (67)
For proesses ee¯→ ee¯π+π− and ee¯→ ee¯2π+2π− we obtain:
σee¯→ee¯π
+π− =
4
27
α4Lπ
M2π
[L2π + 6l(Lπ + l)], Q1 ∼ Q2 < m,
σee¯→ee¯2π
+2π− =
α6L2π
6π3M2π
(
L2π + 8lLπ + 12l
2
)
Jπ, Q1 ∼ Q2 < m,
where Lπ = ln
(
s/M2π
)
and l = ln (Mπ/me).
V. GENERALIZATION
Let us pay some attention to obtained ross setions (58), (61), (67). They have
similar form. The integration over βi leads to some logarithmial enhanement. Let
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us demonstrate this in ase of eletron-positron pairs prodution. Keeping in mind
the relative arrangements of βi (see (35)) we obtain:
∫ n∏
i=1
dβi
βi
= Lne
1∫
0
dx1
x1∫
0
dx2 · · ·
xn−1∫
0
dxn =
Lne
n!
. (68)
This an be presented as the integral over omplex variable j:
Ln
n!
=
∮
C
dj
2πi
(
s/m2
)j
jn+1
, (69)
where ontour C is the small irle around the point j = 0 in the j omplex plane.
Denoting the ommon part as:
Zn =
α2n
2nπ2njn

 n∏
i=1
Ji,i+1



∫ n+1∏
i=1
d~qi
π (~q2i )
2

 , (70)
we an rewrite these ross setions in form:
σ
(γγ)
(2+n) =
∮ dj
2πi
(
s/m2
)j α4
4π
IA01ZnI
B
n+1,0

 ,
σ
(γe)
(2+n) =
∮ dj
2πi
(
s/m2
)j  α5
π2j2
IA01ZnIn+1,0

 , (71)
σ
(ee)
(2+n) =
∮ dj
2πi
(
s/m2
)j  4α6
π3j4
I01ZnIn+1,0

 .
Considering the prodution of 1, 2, . . . pairs it is onvenient to introdue the value Ψ:
Ψ =
∞∑
n=1
Zn =
∞∑
n=1
α2n
2nπ2njn

 n∏
i=1
Ji,i+1



∫ n+1∏
i=1
d~qi
π (~q2i )
2

 . (72)
Then the ross setions of prodution of 1, 2, . . . pairs of harged partiles reads as:
σ
(γγ)
n≥3 =
∮ dj
2πi
(
s/m2
)j α4
4π
IA01ΨI
B
n+1,0

 ,
σ
(γe)
n≥1 =
∮ dj
2πi
(
s/m2
)j  α5
π2j2
IA01ΨIn+1,0

 , (73)
σ
(ee)
n≥1 =
∮ dj
2πi
(
s/m2
)j  4α6
π3j4
I01ΨIn+1,0

 .
VI. KINEMATICS OF JETS EMISSION
Let disuss the kinematis of the denite pair prodution at ollision of two virtual
photons:
γ∗(qi) + γ∗(−qi+1)→ e+(q+i) + e−(q−i), i = 1, 2, ..., n.
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Keeping in mind the Sudakov parametrization of the 4-momentum of pairs omponent
qi± = α±iEnp + β±iEnk + q±⊥i with 2E =
√
s is the enter of mass beams total
energy. Light-like 4 vetors np = (1, 1, 0, 0), nk = (1,−1, 0, 0) have spae omponent-
unit vetors direted along initial 3-momenta of olliding beams, ~p, ~k. We hoie
a vetor
~k as z-axes diretion. The transverse to the beam diretion omponent
q⊥ = (0, 0, qx, qy), q2⊥ = −~q2 an be expressed in terms of the polar angle of the
relevant partile emission in the enter of mass frame:
tan θi =
|~qi|
E(βi − αi) , αi =
~q2i +m
2
4E2βi
, i = ±. (74)
Partile with momentum qi moves in hemisphere ~p if αi > βi and to hemisphere ~k in
ase βi > αi. We remind here the onservation low qi − qi+1 = q−i + q+i. In Sudakov
parametrization it an be written as
~q⊥,i − ~q⊥,i+1 = ~q+i + ~q−i, βi = β+i + β−i, −αi+1 = α+i + α−i, (75)
where we keep into aount the rigorous arrangements of longitudinal Sudakov pa-
rameters:
1≫ β1 ≫ β2 ≫ · · · ≫ βn ≫ m
2
1
E2
,
1≫ αn ≫ αn−1 ≫ · · · ≫ α1 ≫ m
2
2
E2
, (76)
with m1,2 are the masses of olliding partiles or the mass of the reated pair ompo-
nent in the ase when the relevant initial partile is a photon.
In paper [11℄ this results were generalized to the supersymmetri QED ase.
VII. INCLUSIVE CROSS SECTION
In the experimental set-up with deteting only one pair emitted in peripheral kine-
matis the dierential distributions averaged on kinematial parameters of other pairs.
Let us desribe the modiation of ross setion of prodution of n pairs to obtain the
ontribution to inlusive ross setion. Keeping in mind the rigorous arrangement by
magnitude of longitudinal Sudakov parameters we an onlude that two replaements
must be done. One of them onern the distribution on the longitudinal Sudakov pa-
rameters of the momentum transferred. Really the replaement must be done: (m is
the mass of pair omponents)
δ
δβk
1∫
m2/s
dβ1
β1
β1∫
m2/s
dβ2
β2
...
βn−1∫
m2/s
dβn
βn
=
17
=
1
βk
lnk−1(1/βk)(Le − ln(1/βk))n−k 1
Γ(k)Γ(n− k + 1) ≡ Fk,n(βk). (77)
The quantity Fk,n(β) is normalized as
1∫
m2/s
dβFk,n(β) =
Lne
n!
. (78)
Another one is
Gk,n(~∆
2) ≡ π δ
2
δ2∆
∫ n+1∏
i=1
d~qi
π (~q2i )
2



 n∏
i=1
dβi
βi

 IA01J12J23 · · · Jn,n+1IBn+1,0, (79)
where
~∆ = ~qk − ~qk+1. Keeping these fators together we obtain:
m4π
dσγγ
dβd2∆
=
∞∑
1
α2(n+2)
4π(2π2)n
Fk,n(β)Gk,n(x), x =
~∆2
m2
. (80)
The lowest order inlusive ross setion of lepton pair prodution in γγ ollisions for
the ase of unpolarized photon beams is:
m4βπ
dσγγ1
dβd2∆
=

α2
2π

3G1(x)Le,
G1(x) =
16
9
m4
∫ d2q
π
1∫
0
dx1
1∫
0
dx2
1∫
0
dx3
1∫
0
dx4 ×
×
(
1 + a1
m2 + a1~q2
)
 1 + a2
m2 + a2(~q + ~∆)2



 a3 + a4 − 5a3a4
m2 + a3~q2 + a4(~q + ~∆)2

 , (81)
a1 = x1 (1− x1) , a3 = x3 (1− x3) ,
a2 = x2 (1− x2) , a4 = x4 (1− x4) ,
where x = ∆2/m2. Numerial value of the dimensionless quantity G1(x) is given in
Fig. 5. Numerial integration of this funtion over all possible tranverse momentum
gives
∞∫
0
dxG1(x) ≈ 26.5. (82)
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FIG. 5: Funtion G1(x) (81) dependene of x.
VIII. SUMMATION ON THE PAIR NUMBER
Using representation of logarithmi enhanement fator Lne/n! in the form of the
integral over omplex variable (see (69)) the ross setion of arbitrary number of pair
prodution in γe, γγ and ee ollisions may be written down in the universal form (73),
where funtion Ψj(x1, x2) is dened as:
Ψj(x1, x2) =
∞∑
n=1
h−n

 n∏
i=1
∫ d2qi
π (q2i )
2

J12 · · · Jn−1,n. (83)
h−1 =
α2
2π2j
. (84)
This funtion are based on the integral equation:
Ψj(x1, x2) = k(x1, x2) + h
−1
∞∫
0
dx′1k(x1, x
′
1)Ψj(x
′
1, x2). (85)
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There are two dierent ontribution to kernel k(x1, x2) (we do not onsider here π
0
hannels): k(x1, x2) = ke(x1, x2) + kπ(x1, x2), with
ke(x1, x2) = 4
1∫
0
dα
1∫
0
dβ
a+ b− 5ab
ax1 + bx2 +m2
, (86)
kπ(x1, x2) = 2
1∫
0
dα
1∫
0
dβ
1/4− (a+ b− 5ab)
ax1 + bx2 +m2
. (87)
The funtion Ψj(x1, x2) dependene of variable j have a square root singularity in
j-plane. To nd the most right position of this ut in j-plane we may investigate the
homogenous integral equation:
∆Ψij(x1, x2) =
1
κi
∞∫
0
dx′1k
i(x1, x
′
1)∆Ψ
i
j(x
′
1, x2), i = e, π. (88)
Further simpliation onsists in putting the mass of reated partiles equal to zero
m = 0.
To solve this homogeneous integral equation let expand funtionΨj(x1, x2) by full set
of funtions (x1/x2)
λ/
√
x1x2, with λ pure imaginary parameter and nd the relevant
eigenvalue..
First we an perform the integration on the intermediate photon momentum. We
have:
∞∫
0
tγdt
a+ bt
=
π
sin(πγ)
aγb−γ−1, a, b > 0, (89)
with γ = −1/2 + iη. Using the expliit form of kernels ke, kπ (see (86), (87)) and
performing α, β integration after some algebra we obtain:
κe =
π2(11 + 12η2) sinh(πη)
16η(1 + η2) cosh2(πη)
;
κπ =
π2(5 + 4η2) sinh(πη)
32η(1 + η2) cosh2(πη)
. (90)
As a result we obtain the following solution:
Ψj(x1, x2)|m2=0 =
1
2πi
i∞∫
−i∞
dλ
(
x1
x2
)λ 1√
x1x2

 1
κ(λ)
− 1
h(j)

−1 , (91)
where
κ(λ) =
π2 sin(πλ)
128λ(1− λ2) cos2(πλ)
[
2Nf
(
11− 12λ2)+Nb (5− 4λ2)] , (92)
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where Nf is the number of harged leptons and Nb is the number of harged mesons.
The solution if the analytial funtion of j with the ut loated at 1 < j < j0 =
1+ πα
2
64 [22Nf + 5Nb]. This formula is the generalization of formula obtained in [1, 2, 3℄
where only harged fermions ase was onsidered.
IX. CONCLUSION
The partially integrated ross setions, whih takes into aount the transfer momen-
tum not exeeding
∣∣∣~q21
∣∣∣ < Q1 =
√
−q21,
∣∣∣~q22
∣∣∣ < Q2 =
√
−q22 are given in Appendix B.
We hoose Lπ ≈ 20 whih is expeted at LHC. It an be seen that the ross setions
are big enough to be taken into aount and measured.
We should note that the deviation from this asymptoti formulae an be onsiderable.
For instane the ross setion of proess pp→ ppee¯ (see formula (B4) in Appendix B)
gives σLLpp→ppee¯ = 9.9 mb at
√
s = 14 TeV, while the more preise form is [10℄:
σpp→ppee¯ =
28
27
α4
πm2e
(
L3p + AL
2
p +BLp + C
)
, (93)
where Lp = ln
(
s/M2p
)
and
A = −178
28
= −6.35714,
B =
1
28
(
7π2 + 370
)
= 15.6817,
C = − 1
28
(
348 +
13
2
π2 − 21ζ3
)
= −13.8182,
whih gives σpp→ppee¯ = 7 mb. Again for proess ee¯ → 2e2e¯ we have following preise
result [12℄:
σee¯→2e2e¯ =
α4
πm2e
(
AL3e + BL
2
e + CLe +D
)
, (94)
where Le = ln
(
s/m2e
)
and
A =
28
27
= 1.03704,
B = −178
27
= −6.59259,
C = −164
9
ζ2 +
490
27
= −11.8262,
D =
52
3
ζ2 ln 2 +
401
9
ζ3 +
886
27
ζ2 − 428
27
= 111.448.
21
In leading logarithmial approximation it gives σLLee¯→2e2e¯ = 56 mb, while the preise
value is σee¯→2e2e¯ = 45 mb at
√
s = 14 TeV.
So the formulae given above have the auray of order ±(15− 20)%.
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APPENDIX A: WEIZSAECKER-WILLIAMS (WW) ENHANCEMENT FOR γe AND e+e− COLLISIONS
Let us onsider the details of e→ γ∗e vertex
e(p1)→ γ∗(q) + e(p′1)
in peripherial kinematis. Using Sudakov parametrization of the 4-momentum of
virtual photon:
q = αp+ βp˜1 + q⊥, p2 = p˜21 = 0, q⊥p = q⊥p˜1 = 0, 2p1p˜1 = m
2, (A1)
and keeping in mind the eletrons on mass shell onditions:
(p1 − q)2 −m2 = −sα(1− β)−m2β − ~q2 = 0, (A2)
we obtain for the square of virtual photon momentum:
q2 = − 1
1− β
[
~q2 +m2β2
]
. (A3)
We use here the standard denitions q2⊥ = −~q2, s = 2pp1 ≫ m2, ~q2. It is important
to note that transfer momentum is spae-like vetor with nonzero norm. Performing
integration on d2~q in matrix element square and keeping in mind the onsequenes of
gauge invariane we obtain an enhanement fator in rapidity β:
Q2∫
0
~q2d~q2
(~q2 +m2β2)2
≈ ln Q
2
m2β2
. (A4)
APPENDIX B: THE TOTAL CROSS SECTIONS OF pi0 AND pi+pi− PRODUCTION
Let us onsider the total ross setions of proesses of pions prodution within
logarithmi auray. In ase then the momentum transfer does not exeed the
22
Q1, Q2 < Mπ we have (see omments to formula (55)):
σee→eeπ
0
=
α4Lπ
12π3f 2π
[
L2π + 6 ln
(
Mπ
me
)
ln
(
s
Mπme
)]
, Q1 ∼ Q2 < Mπ,
σee→eeπ
+π− =
4
27
α4
M2π
Lπ
[
L2π + 6 ln
(
Mπ
me
)
ln
(
s
Mπme
)]
, Q1 ∼ Q2 < Mπ,
σpp→ppπ
0
=
α4L3π
12π3f 2π
, Q1 ∼ Q2 < MP ,
σep→epπ
0
=
α4L2π
12π3f 2π
[
Lπ + 3 ln
(
Mπ
me
)]
, Q1 < Mπ, Q2 < MP ,
σγp→p2π
0
=
α5
28π6f 2π
(
L2π + Lπ ln
(
Mπ
me
)) ∫ d2~q1
πf 2π
R401, Q2 < Mπ,
σγe→eπ
0
=
α3
4f 2π
ln
(
s
Mπme
)
, Q2 < Mπ,
σγe→eπ
+π− =
2α3
9M2π
ln
(
s
Mπme
)
, Q2 < Mπ,
σγe→e2π
0
=
α5
28π6f 2π
(
L2π + 2Lπ ln
(
Mπ
me
)) ∫ d2q1
πf 2π
R401, Q2 < Mπ,
σγe→e2(π
+π−) =
α5
π2M2π
Lπ ln
(
s
Mπme
)
Jπ,
σγγ→2π
0
=
α4
28π5f 2π
∫ d2~q1
πf 2π
R401,
σγγ→2(π
+π−) =
α4
πM2π
Jπ,
σγγ→3π
0
=
α6
213π9f 2π
Lπ
∫ d~q21
f 2π
∫ d~q22
f 2π
R201R
2
02R
2
12.
The integrals R01, R02, R12 have a form:
R01
(
~q21
)
= 2M2q
1∫
0
dx1
1−x1∫
0
dx2
M2q −M2πx2x3 + ~q21x1x3
, x3 = 1− x1 − x2,
R12
(
~q21, ~q
2
2
)
= 2M2q
1∫
0
dx1
1−x1∫
0
dx2
M2q −M2πx2x3 + (~q21x2 + ~q22x3) x1
, (B1)
where Mq is the loop quark mass (Mq ∼ 260 MeV). We keep into aount only the
logarithm of ratio of pion and eletron masses ln (Mπ/me). As rather good approx-
imation (within 5% auray) we an omit term
(−M2πx2x3
)
ompared with M2q in
23
R01 and R12 denominators and obtain the following formulae:
R01
(
~q21
)
=
M2q
~q21
ln2
(
b+ 1
b− 1
)
, b =
√√√√√1 + 4M2q
~q21
, (B2)
R12
(
~q21, ~q
2
2
)
=
~q21R01
(
~q21
)− ~q22R01
(
~q22
)
~q21 − ~q22
. (B3)
The numerial evaluation of phase integrals gives:
∫ d2~q1
πf 2π
R401 ≈ 46.2
∫ d2~q1
πf 2π
∫ d2~q2
πf 2π
R201R
2
02R
2
12 ≈ 2521.
The total ross setions in leading logarithmial approximation of proesses pp→ ppee¯
and pp→ ppπ+π− have a form:
σpp→ppee¯ =
28
27
α4
πm2e
ln3

 s
M2p

 , (B4)
σpp→ppπ
+π− =
4
27
α4
πM2π
ln3

 s
M2p

 .
For ompleteness we evaluate this ross setions at energy
√
s = 14 TeV (avail-
able at Tevatron). In that ase Le = 34, Lπ = 23 and the ross setions are:
σee→eeπ
0
= 12 nb, σγe→eπ
0
= 127 nb, σγγ→2(π
+π−) = 2.47 pb,
σee→eeπ
+π− = 309 nb, σγe→eπ
+π− = 53 nb, σγγ→3π
0
= 1.64 ab,
σpp→ppπ
0
= 4.28 nb, σγe→e2π
0
= 0.14 pb, σpp→ppee¯ = 9.9 mb,
σep→epπ
0
= 7.38 nb, σγe→e2(π
+π−) = 3.79 pb, σpp→ppπ
+π− = 20 nb,
σγp→p2π
0
= 0.117 pb, σγγ→2π
0
= 0.076 pb.
APPENDIX C: DETAILS OF Je12 CALCULATION
We put here some details of obtaining Je12 from formula (15). After performing traes
it an be written down in the form:
Je12 =
1∫
0
dx+
∫ d2q+
π


(D1 −D2)2
(
~q2+ +m
2
) (
~q2− +m
2
)
(D1D2)
2 +
+
~q21
(
~q2+ +m
2
)
D21
+
~q21
(
~q2− +m
2
)
D22
+
+ 2 (~q1~q−)
(
~q2+ +m
2
) D1 −D2
D21D2
− 2 (~q1~q+)
(
~q2− +m
2
) D1 −D2
D1D
2
2
−
24
− 2~q
2
1
(
m2 − (~q+~q−)
)
+ 2 (~q+~q1) (~q−~q1)
D1D2

 . (C1)
Expression in gure brakets expliitly vanishes if ~q1 → 0 or ~q2 → 0. Eah separated
term ontain ultraviolet divergene and requires regularization. That is the reason to
enter the ultraviolet ut o parameter Λ. For example the ontribution of seond and
third terms are:
∫ d2q+
π

~q21
(
~q2+ +m
2
)
D21
+
~q21
(
~q2− +m
2
)
D22

 =
= ~q21

2 ln Λ
2
D0
+
~q22 (x+ − x−)2
D0

 , (C2)
where D0 = x+x−− ~q22 +m2. In next terms we join the denominators using Feynman
trik:
1
D1D2
=
1∫
0
dt
(tD1 + t¯D2)
2 =
1∫
0
dt((
~q+ −~b
)2
+D
)2 , (C3)
where
~b = t¯~q1 + x+~q2, and D = m
2 + tt¯~q21 + x+x−~q
2
2. The following integration
on ~q+ is straightforward. The dependene of ultraviolet ut o Λ disappears. The
result of expression will ontain terms with ln(D/m2), D0, D−1, D−2, D−3. Using the
integration by parts
1∫
0
dt
~q21(1− 2t)f(t)
D2
= − f(t)
D
∣∣∣∣∣∣
1
0
+
1∫
0
dt
D
f ′(t),
we may express terms ontaining D−2, D−3 in terms with D−1. As a result we get:
Je12 =
1∫
0
dx+
1∫
0
dt
{
2b(1− 4b)
(
1
D
− 1
D0
) (
~q22
)2
+
+
1
D
[
~q21~q
2
2(1 + 8ab− 2b)− 8ab (~q1~q2)2
]}
, (C4)
where a = tt¯ and b = x+x−. The rst term in gure brakets an be written in
symmetrial form:
1∫
0
dx+
1∫
0
dt2b(1− 4b)
(
1
D
− 1
D0
) (
~q22
)2
=
= 2~q22
1∫
0
dx+ (x+x−(1− 2x+)) d
dx+
ln
D
D0
=
25
= −~q21~q22
1∫
0
dx+dt
D
(1− 4a) (1− 6b) . (C5)
Substituting this result to (C4) we obtain (15).
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